Abstract. The following results on uniqueness of invariant means are shown:
Introduction and statement of the results
Let G be a group acting on a probability measure space (X, µ) in a measure preserving way. An invariant mean on L ∞ (X), the space of the µ-essentially bounded functions on X, is a linear functional m : L ∞ (X) → C such that m(1) = 1, m(ϕ) ≥ 0 if ϕ ≥ 0 and m( g ϕ) = m(ϕ) for all ϕ in L ∞ (X) and g in G, where g ϕ is defined by g ϕ(x) = ϕ(g −1 x). It is clear that integration against µ defines an invariant mean, also denoted by µ, on L ∞ (X). The question of the uniqueness of µ as invariant mean is of considerable interest. For instance, the Banach-Ruziewicz problem asks whether the Lebesgue measure λ on the n-dimensional sphere S n is the unique normalized, finitely additive SO(n + 1)-invariant measure on all Lebesgue measurable subsets of S n . For n ≥ 2, this is known to be equivalent to the uniqueness of λ as SO(n + 1)-invariant mean on L ∞ (S n ) or -what amounts to the same -to the uniqueness of the Haar measure on SO(n + 1) as invariant mean on L ∞ (SO(n + 1)). This problem has been solved in the affirmative by Margulis [Ma1] and Sullivan [Sul] in the case n ≥ 4 and by Drinfeld [Dri] in the remaining cases n = 2, n = 3. From these results one may deduce the following (see [Ma2] , Chap. III, 5. Proposition (7))) Theorem. Let G be a semisimple compact real Lie group. Then the normalized Haar measure on G is the unique G-invariant mean on L ∞ (G).
For all of this and much more, we recommend the excellent monographs [Lub] , [Sar] and [Wag] .
In contrast, nothing seems to be known in the totally disconnected case (compare [Lub] , Problem 10.2.1). The first purpose of this note is to prove the analogue of the above theorem for some compact p-adic groups like SL(n, Z p ) or Sp(n, Z p ).
Theorem A. Let G be an almost simple connected linear algebraic group defined over Q. Assume that G(R), the group of the real points in G, is not compact. Let p be a prime in N. Then the normalized Haar measure on
, where Z p is the ring of the p-adic integers.
We do not know whether the non-compactness assumption on G(R) in Theorem A is necessary.
1
Recall that a lattice Γ in a locally compact group G is a discrete subgroup of G such that the Haar measure on G induces a finite G-invariant Borel measure µ on the homogeneous space G/Γ. Of course, we may assume that µ is a probability measure. Our second result shows that µ is unique as Γ-invariant mean on L ∞ (G/Γ) when Γ is a lattice in a real semisimple Lie G.
Theorem B.
Let G be a semisimple Lie group with finite centre and without compact factors. Let Γ be a lattice in G. Then the G-invariant probability measure on
The proofs of Theorems A and B depend on an isolation property of the trivial representation of certain discrete groups (see Lemma 1 below). In Theorem A, this property follows from extensions of Selberg's inequality λ 1 ≥ 3/16 for the first eigenvalue of the Laplacian acting on an arithmetic surface Γ(N )\H, where Γ(N) is a congruence subgroup of SL(2, Z) and H is the hyperbolic plane (see [EGM] , [LPS] , [BuS] ). As to the proof of Theorem B, we use some general facts, due to Langlands, on the decomposition of L 2 (Γ\G) . Another ingredient is the existence of a spectral gap over 0 of the Laplacian on the locally symmetric space Γ\G/K (see [BoG] , [OsW] ).
Proofs
The following crucial lemma is the link between uniqueness of invariant means and unitary group representation theory. This result, due to V. Losert and H. Rindler [LoR] , J. Rosenblatt [Ros] , and K. Schmidt [Sch] , was used for the solution of the Banach-Ruziewicz problem in [Dri] , [Ma1] and [Sul] . For the proof, see e.g. [Lub] , Proposition 3.4.1 and the remark after Theorem 3.4.4. Lemma 1. Let G be a discrete group acting on a probability measure space (X, µ) and preserving µ. Let ρ denote the natural unitary representation of G on L 2 (X) and ρ 0 the restriction of ρ to the invariant subspace
(the orthogonal of the constants on X). Suppose that ρ 0 does not weakly contain
Recall that if σ and π are unitary representations of the locally compact group G, then σ is weakly contained in π if every positive definite function associated with σ is a uniform limit over compacta of sums of positive definite functions associated with π. In the case where σ = 1 G , this amounts to the existence of almost invariant π(G)-invariant vectors, that is, a net (ξ ι ) ι of unit vectors in the Hilbert space of π so that π(g)ξ ι − ξ ι → 0 uniformly on compacta.
Let G denote the unitary dual of G, that is, the set of equivalence classes of irreducible unitary representations of G. The Fell-Jacobson topology on G is defined by the following closure operation: an irreducible representation π is in the closure of a subset Π ofĜ if and only if π is weakly contained in the direct sum σ∈Π σ. For all of this, see [Dix] , Chap. 18, or [Fe1] .
We shall need the following lemma.
Lemma 2. Let G be a connected semisimple linear algebraic group defined over Q, and let p be a prime in N. Assume that G is almost simple over Q p and that
By a result of Borel and Harish-Chandra ( [BHC] , Theorem 12.3), the subgroup G(Z) of H is a lattice in G(R). Since G(R) is not compact, the Borel-Wang density theorem shows that H is Zariski dense in G (see [Ma2] , Chap. II, (4.4) Corollary). This implies that the Lie algebra of the p-adic Lie subgroup
. If H were discrete, then G(Z) would be a discrete and hence finite subgroup of the compact group G(Z p ). This is not the case. Hence, H is open in G(Z p ) and, as G(Z p ) is compact, it has finite index.
Remark. The assumption that G(R) is not compact is necessary in the previous lemma. Indeed, G(Z) is finite when G(R) is compact.
Proof of Theorem A. Set G = G(Z p ), and let ρ 0 denote the restriction to L 2 0 (G) of the left regular representation of G on L 2 (G). By Lemma 1, it suffices to show that 1 G is not weakly contained in ρ 0 , when G is viewed as a discrete group.
Let Γ = G(Z). For N ∈ N, let Γ(N) denote the principal congruence subgroup
Let Γ arith be the subset of the unitary dual Γ consisting of those irreducible unitary representations that factor through some quotient Γ/Γ(N ). The crucial fact is that 1 Γ is isolated in Γ arith . Indeed, Γ = G(Z) is a lattice in G(R) ( [BHC] , loc. cit.). Hence, if G(R) has Kazhdan's property (T), then Γ has also property (T) and the claim is clear in this case. In the remaining cases, the claim follows from work by Elstrodt, Grunewald, Mennicke [EGM] , Li, Piatestski-Shapiro, Sarnak [LPS] , Burger, Sarnak [BuS] , when G(R) is locally isomorphic to SO(n, 1) and from work by Li ([Li] ) when G(R) is locally isomorphic to SU (n, 1) . It should be mentioned that this work is a generalization of Selberg's famous inequality λ 1 ≥ 3/16 in the case of SL(2, R) for the lowest eigenvalue λ 1 of the Laplacian on Γ(N )\H, where H is the real hyperbolic plane (see [Sar] , (A.2.14)). These results amount to saying that 1 G(R) is isolated in the spectrum of the direct sum
This implies that 1 Γ is isolated in Γ arith (see [Lub] , Theorem 4.3.2; see also [Bro] and [Bur] ). Now let τ be the profinite topology on Γ defined by the subgroups Γ(p n ), n ∈ N, that is, the group topology on Γ for which the Γ(p n )'s form a base of neighbourhoods of the group unit. The completion Γ c of Γ with respect to this topology is the projective limit proj lim Γ/Γ(p n ).
As is well-known, Γ c may be identified in the natural way with the closure of Γ in G(Z p ). So, by Lemma 2, Γ c has finite index in G(Z p ). It is clear that the representations of Γ that factor through some Γ/Γ(p n ) are the ones that are continuous with respect to the topology τ . Hence, these representations are exactly the restrictions to Γ of the continuous representations of Γ c . By the above, this implies that 1 Γc is isolated in the set Γ c , when Γ c is viewed as a discrete group.
Let (π i ) i be a sequence of continuous irreducible representations of G(Z p ) converging to 1 G(Zp) , where G(Z p ) is endowed with the discrete topology. Since Γ c has finite index in G(Z p ), π i factors through a (fixed) finite quotient of G(Z p ) and, hence, is equal to 1 G(Zp) for i large enough. This means that 1 G(Zp) is not weakly contained in ρ 0 .
We now turn to the proof of Theorem B. The following crucial fact is certainly known to the experts (compare [Ma2] , Chapter III, (1.12), Remark 1). As we could not find a reference (see however [Moo] , Proposition 3.6, and [BeV] , Proposition 4.1, for the case of a simple group), we shall give a proof. 
, and a continuous part L 2 (G/Γ) cont . Let ρ disc and ρ cont be the representations of G defined by these subspaces.
As is well known, the theory of Eisenstein series provides a further decomposition of ρ cont into a direct sum of representations π C associated with the (finitely many) equivalence classes C of proper cuspidal subgroups of G. Each representation π C may be written as a induced representation π C = Ind G P σ, for some representation σ of a cuspidal subgroup P ∈ C (see [OsW] , Chapter 7).
We claim that π C does not weakly contain 1 G . Indeed, otherwise, by Herz' majoration principle (see [EyL] , p. 186 and [HaS] , Lemme 4), 1 G would be weakly contained in the quasi-regular representation Ind
. This means that G/P would be amenable in the sense of Eymard; that is, there would exist a G-invariant mean on L ∞ (G/P ) (see [Eym] ). Therefore, the compact homogeneous space G/P would carry a G-invariant probability measure. A result of Zimmer generalizing work by Furstenberg and Moore shows that this is impossible (see [Zim] , 3.2.20 Theorem). Hence the continuous part ρ cont does not weakly contain 1 G .
As to the discrete part, by a result of Borel and Garland ([BoG] , Theorem, 4.6 (i)), ρ disc is a so-called liminary (or CCR) representation, that is, its canonical extension to L 1 (G) acts by compact operators. The spectrum of such a representation is known to be discrete (see, e.g., [Fe1] , Theorem 1.8). In particular, 1 G is isolated in ρ disc , and this completes the proof.
We shall need the following fact about unitary representations of semisimple Lie groups. Proof. We first treat the case where G is simple.
Suppose G has property (T). If 1 G is weakly contained in π ⊗ σ, then 1 G is contained in π ⊗ σ. This can only happen if π has a finite dimensional subrepresentation. This subrepresentation has to be trivial, as G has no compact factor. This is a contradition, since π does not weakly contain 1 G .
Suppose G is locally isomorphic to SO(n, 1) or SU (n, 1). It follows from the classification of the unitary dual of these groups and the asymptotic behaviour of matrix coefficient of their unitary irreducible representations that, for some integer N , the N-fold tensor product
is contained in an infinite multiple ∞λ G of the regular representation λ G of G (see [Moo] , Proposition 3.6). So, (π ⊗ σ)
⊗N is also contained in
Hence, 1 G cannot be weakly contained in π ⊗ σ, as G is not amenable. Now let G be an arbitrary semisimple Lie group with finite centre and without compact factors. Upon replacing, if necessary, G by a finite covering, we may (and will) assume that G is the direct product of finitely many simple groups G 1 , . . . , G n . Suppose that 1 G is weakly contained in π ⊗ σ. Then there exist sequences of irreducible representations
and
n ∈ G n , i= 1, 2, . . . , such that, denoting by × the outer tensor product of representations, π
is weakly contained in π, σ
n is weakly contained in σ and
This means that
For a fixed i, set
Then, by ( * ), 1 G k is weakly contained in π k (i) ⊗ σ k (i) for all k = 1, . . . , n and all i. Since the G k are simple, the above implies that 1 G k is weakly contained in π k (i) for all i. Hence,
This shows that 1 G is weakly contained in π. This contradiction completes the proof.
Proof of Theorem B. Let Γ be a lattice in G, and let ρ 0 denote the restriction to L As Γ is a lattice, L 2 (G/Γ) contains the constants, and hence, 1 G is a subrepresentation of ρ. Thus, 1 G is weakly contained in ρ ⊗ ρ 0 . Since, by Lemma 3, 1 G is not weakly contained in ρ 0 , this is a contradiction to Lemma 4. This completes the proof.
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Note added in proof
While this paper was in press, we received the interesting preprint "Expanding graphs and invariant means" by Yehuda Shalom (Hebrew University, Jerusalem) where related questions are treated. Moreover, Yehuda Shalom (private communication) showed us that the non-compactness assumption in the above Theorem A is not necessary. 
